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θ
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zygo¸oqyKzz>e2o{_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yKfgSb|^ijQbih©PSª2©>yKh|²´«y|Pi]{_ayghcSbyK©fgQbS+h_kS,ÉÒcSR´ySR]{_zygo
_aic+©P´jiO+oaS+QbSRh2_f2+hygh2_zAeg©Po´SR]¶zAe2ijh_a]|^S¬l¢©Pij_kShPi«]R¯ÚTwS+_{_kS]kiÅ_a©y_aije2hS~]`_b]{iQbij´«yKiokS±0´«y
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θ
ÏÁAcS+_{_aS¶Qb_aMPe^|^S¶S~]`_uih]kzPijoa+S|^S¶´«yzPoaRc+R|^SRh2_kS]ayK©^lÃª©PS¶´jS~]u]{©P­&|^i\i«]{iegh]ÀokRfg©P´ijORokSS_
iokoa+f2©P´ijORokSD]{e2h2_ÃihgS+oq]k+SR]R¯g4yzok~ci«]{iegh|^Sd´«y}|^ioaSRcÄ_aije2hbSR]{_wce2h]`_qyKh_kSDzASR©ijQbzAe2o{_aSD´«y}|^i«]
_qyKhc+SNz>yKoÚoqyKzzAegok_Úyg©bcSRh2_aokSd|^Sd´Ç¿ ijQ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θ
zASRokQbS_
©PhSÀy2|PyKz^_qy_aije2h|^Sd´«y}zPok~ci«]{iegh4ÂKiQbz>e2o{_qyKh_kSdzAeg©PoÃ´«y|^i«]`_qyKhcSÀ|PSR],zAe2ijh_a]w|^SDl¢©Pij_aS hPi«]Ãyg©
c+S+h2_aokS}|^S´6¿ iQyKfgS2¯TwSRc+iÒSR]{_D´yEQE+_kMPeP|^S}ª2©S¸heg©]NokS+_kS+hegh]R¯^¼SoaR]{©´Å_qy_D|^S´«yzokeKp`SRc_kiegh
|^S~]¶ygcRc©PQ¶©P´«y_aS+©Poq]|^S´6¿ M+Qbi]kzPMPORokS¬]k©Po´«y0zP´ygh"iQyKf2SSR]{_¶ij´´©]`_aok¬]k©Po´«y fg©PoaS  ÒÎ  ÏÂ
hPe2©]D[¬eg­]kS+oagegh]Nª©PS}´SR]dcSR´j´©P´SR]DzPoaep`S+_kRSR]Ne2h2_d©PhPS¶yKiokSzP´©]D©PhPijl¢egoaQbSª2©S}|yKh]D´jScRyg]
|^S}´«yb]{©P­&|Pij\i«]{ieghoa+fg©P´iO+oaSg¯
s4gSRcÀ´«y¶Qb_kMe^|^SuoaS_aS+h©PS2Â´«yzok~ci«]{ieghzPoaOR]|^©c+S+h2_aokS¸|^S¸´Ç¿ iQbygfgSÀS~]`_N´jRfgO+oaS+QbSRh2_wih^l¢RokiS+©PoaS
ª©PS|Pygh]}´jS¬c+yg]|^S´«y0]{©P­&|^i\i«]{iegh"okRfg©P´ijORokS2Â&Qygi]cSh4¿ S~]`_¶zyg]}©Ph"e2­]{_aygc+´jS³Á]ki,©Ph"zAe2ijh_¶|^S
l¢©Pij_kSbSR]{_|^+_kSRc_kE´+fgORokSRQbS+h2_±cg_kE|^SE´y¬oaRyg´jij_kEyK©²hPigSRyg©²|P©²z 2´jSE|^SE´Ç¿ MPRQEi«]kzPMPO+oaSgÂ&´y¬zPoae
p`SRc_kieghC]k©PoÀ´Ç¿ ijQygfgS}egoaifgihyK´ShPS¶]kS+oqyb|^~c+yK´+S¶ª2©S|PS¶ª2©S+´«ª2©SR]dzPiÅ·^SR´]R¯AY\©PoÀ´SokS~]`_aS|^S´6¿ iQyKf2SgÂ
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  	    nÚyKoqyKQb_aoaygfgS¸|^S}´6¿ MPRQbi]kzPMPORokS
´SR]¸zPoaep`S~cÄ_aije2h]¸|^SR]c+S+´´j©P´SR]]kegh_¸zP´©]¸©PhPijl¢egoaQbSR]ª©PSE|yKh]¸´jSbcRyg]¸|^SE´«y]k©P­&|^ii«]kije2h²okRfg©P´ijORokS2Â
zAS+oaQbS_k_aygh2_|^SQEihPiQbi]kS+o¸´SR]uRc+ygo{_q]dSRh2_koaS´jS~]u|^i 8ARokSRh2_q]uzAegih2_a]¸|^S¶l¢©Pij_kS hPi«]uzAe2]a]kij­P´SR]R¯ÒTwS_{_aS
©PhPijl¢egoaQbi«]kyK_kiegh¹|^S´yoa+z>yKok_kij_kiegh¾zAS+oaQbS_|Ò¿ e2­^_kS+hijo©Ph¹+_ayg´je2hPhyKf2SE|^S´«y³c+yKQbRoayce2QEzAe2o{_qyKh_
Qbegih]D|¼¿ SRokoaS+©Poq]ijQbzAe2o{_qyKh2_aSR]R¯
ϕ
SR]{_d]k©P­&|^i\i]koa+f2©P´jiO+oaS+QbS+h_Á
ϕi =
i
N
· 2π i ∈ {0, . . . , N − 1}
|^eghcd]ki´SR]Ãy2c+c©Q¶©P´yK_kSR©Poa]Ã|^Sd´6¿ M+Qbi]kzPMPORokSde2h2_w|PSR]ÃygijoaSR]ÚRf2yK´SR]RÂgyK´egoq]-´SR] aÌ )g£9'ÀS+h_keg©oaygh2_
´6¿ M+Qbi]kzPMPORokSe2h2_ÀyK©]a]kiÒ|^S~]DygijoaSR]N+f2yg´jS~]+¯
r h2_koae^|^©Pi«]kegh]¼©PhS,l¢egh>cÄ_kiegh
Ψ(θi)
ª©Pi2h4¿ S~]`_Izyg]4´jihP~yKiokS,S+_Iª©PizAe2]a]{O~|^S,´ydzPoaegzPoai_kÃ]k©Piygh2_kSÀÁ
S(θi) = K · Ψ(θi)
yGgSRc
K
©PhPSuce2h]{_ayKh_kS2ÂgS_
S(θi)
´y]k©Po{lmy2cSd|PSd´«y}cRyK´eK_k_kSÀ]{zPM+oaiª©PSdzAeg©Po
θ ∈ [0, θi]
¯2ÐÀeg©]ÃyGgegh>]
|^hPi-ª©PS´SR]u­yKh|^S~]u]k©c+c+SR]a]{igSR]uyK©^_aeg©Po¸|^S´6¿ MPRQbi]kzPMPORokS|PegigS+h2_yGgegiou|^SR]¸yKioaSR]dRf2yg´jS~]+Â>zyKo
c+egh]kRª©PS+h_}´«y³]k©Po{lmy2cS|^S´«y³cRyK´eK_{_aS]kzPMP+oai«ª2©SbSR]{_zPoke2zAegok_kieghPhS+´´jSb±
Ψ(θi)
¯ITwM>ygª©PSbih|^i«cS
ic+egoaokSR]kzAegh|¬±©PhS­yKh|PSgÂ^QyKi«]´«yoaS+´«y_aije2h¬´iygh2_D´6¿ yghPfg´S
θi
±E´yb]{©Poklmygc+S|^S´ybc+yK´eg_{_kS}]{zPMPRoki«ª©PS
h¼¿ SR]{_uz>yg]À´jihPRygijoaSgÂA|Ò¿ e;:C´«yzPoaR]kS+h>cS´«yl¢eghc_kiegh
Ψ(θi)
hPeghC´ijhP~yKiokS2¯>y f2©PoaS  i´´j©>]`_aokS_ke2©^_
c+SRci6¯
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Ðdeg©>]dge2©P´egh]dQyKih2_aS+hygh2_¸|P_kSRokQbihPS+ou´«ybl¢e2hcÄ_aije2h
Ψ(θi)
¯AnIeg©ouc+S+´«yPÂAc+yg´c+©P´je2h]d´6¿ ygijoaS¶|^S¶´«y
cRyK´eK_{_aS}]{zPM+oki«ª©PSbÁ
S(θi) =
∫ θi
0
∫
2π
0
sin θ dϕdθ =
∫
2π
0
dϕ
∫ θi
0
sin θ dθ
= 2π[− cos θ]θi
0
= 2π(1 − cos θi)
= K · Ψ(θi)
Ðdeg©>]Ngeg©´je2h]
Ψ(θi) ∈ [0, 1]
|PyKh>]N©Ph³­P©^_À|PS}]kijQbzP´i >c+yK_kiegh}É^hPe2©]NSRh³|^R|P©Pi]kegh>]D|^egh>cEÁ
{
Ψ(θi) = 1 − cos θi θi ∈ [0, π/2]
K = 2π
ÐÀeg©]¸zAeg©Pge2h]uokSRQbygoaª©PSRouª©PS
K
ce2okoaSR]kzAegh|C±¬´«y]{©o{lmy2cSE|^SE´yc+yK´eK_k_kSE]kzPMPRoki«ª©PSzAeg©Po¸´6¿ MP	
Qbi«]{zPMO+okScegQbzP´O_aS§mcg¿ S~]`_#=±=|PijoaS¸zAeg©Po
θ = π/2
S+_dzAeg©PoD©Ph³oqy~[ge2h|^S
1
|^S}´Ç¿ MP+Qbi«]kzPMPO+oaS~¨¯
Ðdeg©>]ugeg©P´e2h]dlmygijoaSyKoaiS+o
θ ∈ [0, π/2] |^SQyghPijORokShPe2h²©PhPijl¢egoaQESb|^S_kS+´´S¶lmy  e2h²ª©PS Ψ(θ)ygokiS¸©PhPijl¢egoaQb+QbS+h_Á
Ψ(θi) =
i
M
i ∈ {0, . . . ,M − 1}
tCyKih2_aS+hygh2_ª©PSEhPeg©]|^i]kzAe2]kegh]u|¼¿ ©Ph¾MPRQbi]kzPMPO+oaS§
(φj ,Ψ(θi)), j ∈ [0, N ], i ∈ [0,M − 1]
¨
c+egoaokSRc_kSRQESRh2_,]k©P­&|^i\i]k+S2ÂKzPokeKp`S+_ke2h]-´SR],|Poke2iÅ_aSR],|^SD´6¿ iQyKf2SD]k©PoÃcS_k_kSdMP+Qbi«]{zMPO+oaSg¯;PÀhbzP´«yKh|¼¿ ih 
_aS+oazPok+_ayK_kieghbS~]`_|^hPi>z>yKoÃ´SucS+h_koaSde2z^_ki«ª©PS
C
|^SÀ´«ycRyKQb+oqyS_wzygoÃ©PhPSu|^oaegij_kSu|^©zP´«yKhiQyKf2Sg¯
4ScS+h_koaS|^S´y²c+ygQb+oqy³S~]`_bcegh>]{i«|^+oa¬ce2QbQES¬´6¿ egoaijf2ijhPS¬|P©®Qbegh|PSgÂ-|^eghc´S¬z´ygh°|Ò¿ ih2_aS+oazPoa	
_qy_kieghzy2]k]kSb_aeg©p`e2©Poa]zygo¶c+S_egoaijf2ijhSgÂ4|Ò¿ e;:´«yC|^i«]`_qyKhcS¬|P©zP´«yKhz>yKo¶oaygzPzAegok_¶±³´6¿ egoaijf2ijhSbS~]`_
_aeg©p`e2©Poa],h\©P´´jS,É´jSÀzP´«yKh¬|Ò¿ ih2_aS+oazPoa_ayK_kieghh¼¿ SR]{_|^egh>cDoaS+zPoaR]kS+h2_adª©PSÀzygow]ky}hPe2okQyg´jS2¯gÐÀeg©]ÃhPeg©>]
P·^e2h]©PhPS¬cegh\gS+h_kiegh Á¼´«y³c+egQbzAe2]ayKh_kS
z
|^S´«yhPe2okQyg´jSbSR]{_}_keg©Kp`eg©Poq]zAe2]kiÅ_aigSbeg©"h©P´´jS²§¢zygo
oqyKzPzAe2o{_Dyg©okSRzAO+oaS¸fg´eg­yg´«¨ÂPcSRc+iÒS~]`_D_ke2©p`eg©Poq]NzAe2]a]{i­P´Sg¯HPÀh³fgoqyKh|c+S+oqc´S¸S~]`_d´Ç¿ ih2_kSRoa]kSRc_kiegh³|Ò¿ ©Ph
MPRQEi«]kzPMPO+oaSÀS+_|¼¿ ©Ph¬z´ygh¼Â2heg©]|^S+ge2h]w|^eghcÀok~]{e2©|^oaSD´Su]k[^]{_kO+QbSu|Ò¿ Rª©yK_kiegh]w]k©PiyKh_¸§m|yKh]w´jS
oaS+zPoaO+oaSuf2´je2­yK´Í¨ÀÁ



nx · x + ny · y + nz · z = 0
x2 + y2 + z2 = r2
z ≤ 0
4y³zPoaS+QbiO+oaSb~ª2©>y_kiegh"S~]`_cSR´j´S|P©zP´ygh|Ò¿ ijh_kSRokzPoa_qy_aije2h¼Â4yGgSRc
(nx, ny, nz)
´y³hegoaQbyg´jS±
c+S¶zP´«yKh4¯&4y¬]kSRc+egh|^SRª©y_aije2hCSR]{_cS+´´S|¼¿ ©PhSE]kzPMPO+oaS|^SoqyG[gegh
r
¯Av,h h4Â&´«y_koaegi«]kijORQbSgÂAª©PiIS~]`_
©PhPSuihP~ª2©>y_kiegh4Â2zAS+oaQbS_N|^SÀ_koaeg©PgSRoÃ´6¿ ih2_aS+oq]{S~cÄ_kiegh¬yGgSRcd©PhPSuM+Qbi]kzPMPORokSÀS+_hPegh¬©PhPS¸]kzPMPO+oaSg¯2vÃh
ihp`SRc_ayKh_d´«yEzPoaS+QbijORokSRª©yK_kiegh³|PyKh]D´yb|^SR©^·^ijORQES2ÂPhPeg©>]Neg­^_aS+hPe2h]Á
(n2z + n
2
x)x
2 + (n2z + n
2
y)y
2 + nxnyxy = r
2n2z
Ðdeg©>]Ngeg©P´egh>]zyg]a]kS+oD|^SR]dce\e2oa|PeghP+S~]c+ygo{_aR]kijSRhPhPSR]Nyg©^·c+e\egoq|^eghPh+SR]]kzPMPRoki«ª©PSR]R¯PÐdeg©>]N©^_ki 
´i]kegh>]´SR]DRª©yK_kiegh]D|^Scegh\gS+oq]{iegh]{©Piygh2_aSR]Á



x = r sin θ cos ϕ
y = r sin θ sinϕ
z = −r cos θ
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v,h³ihp`SRcÄ_qyKh_ÀcS~]_koaegi«]NRª©y_aije2h]D|PyKh]D´yEzPoaRc+R|^SRh2_kS2Â^heg©]Ne2­^_kSRhPegh>]¸Á
sin2 θ =
n2z
n2z + (nx cos ϕ + ny sin ϕ)
2
UuoNhPe2©]DyGgegh]D|^	hi
nz ≥ 0
S+_d]aygcqMygh2_dª2©S
θ ∈ [0, π/2] Âyg´je2oa] sin θ ≥ 0 Á
sin θ =
nz
√
n2z + (nx cosϕ + ny sin ϕ)
2
,¿ Rª©y_aije2hh>yK´S}|^S}´ybc+eg©Poa­AS]k©PoD´6¿ M+Qbi]kzPMPORokSfyK©]a]kijSRhPhPS¸SR]{_RÂyGgSRc
ϕ ∈ [0, 2π] Á
θ = C(ϕ) = arcsin
(
nz
√
n2z + (nx cosϕ + ny sinϕ)
2
)
PdhPSl¢egi«]Dc+S_k_kS}Rª©yK_kiegh³|^i]acoa_ai]k+S2Â^hPeg©]Deg­^_aS+hPegh>]Á
C(ϕi) = arcsin
(
nz
√
n2z + (nx cos ϕi + ny sin ϕi)
2
)
i ∈ {0, . . . , N − 1}
r ´4lmyK©^_ygcRc©PQ¶©P´S+o¸cS+_{_kSEce2©Pok­AS¶]k©Pou´Ç¿ MP+Qbi«]{zMPO+oaSQygi]ÀhPeg©>]ÀyGgegh>]Dih2_aokeP|^©PiÅ_¸©PhPSl¢e2hcÄ_aije2h
Ψ(θi)
zAS+oaQbS_k_ayKh_|Ò¿ yGgegio©PhPSzPok~ci«]{iegh¹c+egoaokSRc_kSES+h¾l¢e2hcÄ_aije2h"|^Sb´«y³|^i«]`_qyKhc+SEz>yKo}oaygzPzAegok_yg©
c+S+h2_aokSÃ|^SÃ´6¿ iQyKfgS2¯+ÐÀeg©]4zAeg©Pge2h]Ò©^_aij´i«]{SRocS+_{_kS,l¢egh>cÄ_kieghS_´yNl¢egoaQ¶©P´S
cos(arcsin(x)) =
√
1 − x2zAe2©Po
x ∈ [0, 1] ÉhPeg©]Deg­^_aS+hPegh>]Á
Ψ(C(ϕi)) = 1 − cos
(
arcsin
( nz
√
n2z + (nx cosϕi + ny sinϕi)
2
)
)
= 1 −
√
1 − n
2
z
n2z + (nx cos ϕi + ny sinϕi)
2
= 1 − nx cos ϕi + ny sin ϕi√
n2z + (nx cos ϕi + ny sin ϕi)
2
= 1 − t(nx, ny, ϕi)√
n2z + t(nx, ny, ϕi)
2
»uygh]©Ph­P©^_|^SC]kijQbzP´iAc+y_aije2h¼Â,hPeg©>]boaS_aeg©PoahPegh>]E´y|^	hiÅ_aije2h |^S
θi
ÂÃcK¿ SR]{_#=± |^iokS³ª©¼¿ ©Ph
yghPfg´SÀ|^S
0
ce2okoaSR]kzAegh|b±}´6¿ ~ª©y_aS+©Po~ÂgS_w©h¬yKhPf2´jSÀ|^S
π/2
cegoaoaSR]kzAeKh>|Eyg©z g´Sg¯,¿ Rª©yK_kiegh hyg´jS
|^S}´«ybceg©ok­AS}|PyKh]D´Ç¿ SR]kzygc+S|Ò¿ ygcRc©PQ¶©´yK_kieghSR]{_}Á
Ψ(C(ϕi)) =
t(nx, ny, ϕi)
√
n2z + t(nx, ny, ϕi)
2
yGgSRc
t(nx, ny, ϕi) = nx cos ϕi + ny sin ϕi
¯
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
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





PdhPS¶l¢e2i]u´jS ´j_koaSyKzzP´ji«ª©PgÂAi´hSlmyg©^_¸zyg]¸caMPSRoacqMPS+ou´SR]¸º¬cS+´´©P´jS~]u|^SzP´©]Àl¢egok_kSyK´S+©Po~ÂAc+yKo
´SR]¸oaR]k©P´j_ay_q]¸]kegh_¸_keg©Kp`eg©Poq]uSRokoaeghP~]u±c+yg©]{Sb|^SE´«y¬_aygij´´jSb|PSR]ReghPSR]|^SEl¢egok_kSbygc+c+©PQ¶©P´«y_aije2h¼¯Ò4y
_aSRcqMPhPi«ª2©S}ª©PS}hPeg©]D©^_ki´i]kegh]DSR]{_D´«yb]{©ijKyKh2_aSbÁ
 
	
 

         !!"    $#
%'& '! & '  (!    )*  +,"-'.-/"+"0#
1'+"2  3)    4 5 267! & '! & (!  
8
!+  -    9  )
 '-  ) 5' ! 5 #
:-    -+ ;" 5 3<    5 =60!+""+-!+  
 4!  ;>)(!+ )  ?"- +@-  A+  #
B
n,ok~ci«]{e2h]Àª©PS¶´jS~]ÀzAegih2_a]u|PSl¢©Pij_kS hPi«]ÀS+_uijh hPi«]u]kegh2_¸|^+_kS+oaQbihPR]u|^S¶´«y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θ = π
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´ybcRyKQb+oqyP¯^yl¢e^c+yg´jSSR]{_d|Ò¿ yK­Ae2oa||P_kSRokQbihP+S}zAeg©PoDSRh³|^~|^©PiokSSRh]k©PiÅ_aS}´Ç¿ egoaijSRh2_qy_kiegh|PS´«y
cRyKQb+oqyP¯&¼SR]u_aoke2i]¸c+egQ¶­PihyKi«]kegh]uzAe2]a]{i­P´SR]¸|^SbzAegih2_a]|PSl¢©Pij_kS hPi«]¸S+_ih hPi«]¸ih2_aokeP|^©Pi«]{S+h_}|^SR]
oqyKi«]{e2hPhPS+QbSRh2_a]}|^i 8&+oaS+h_a]R¯4Ðdeg_kegh>]ª©PS´jSoaS+zAO+oaS
(u, v, w)
SR]{_}´SboaS+zAORokSb|P©¹Qbegh>|^SgÂ¼e;:
u
S+_
vc+egoaokSR]kzAegh|^SRh2_woaSR]kzASRc_kigS+QbS+h_NyK©P·yK·\S~]wMPegoai	+egh_ayK´AS_NgSRo{_aicRyK´6¯\¼S¸okSRzAO+oaS
(x, y, z)
S~]`_DcSR´j©iÒ|^S
´«ybc+ygQERoay¯
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F (fx, fy,−f)
SR]{_´jSzAegih2_¶|^Sbl¢©PiÅ_aS >hPiÇÂ
~I1 = (I1x, I1y, 0)
S_ ~I2 = (I2x, I2y, 0)
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